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Abstract
In high temperature SU(2) gluodynamics, the condensation of the zero component gauge field potential
A0 = const and its gauge-fixing dependence are investigated. The A0 is mutually related with Polyakov’s loop
〈L〉. The two-loop effective potentialW (A0, ξ) is recalculated in the background relativistic R¯ξ gauge. It depends
on the parameter ξ, has a nontrivial minimum and satisfies Nielsen’s identity. These signs mean gauge invariance
of the condensation phenomenon.
Following the idea of Belyaev, we express W (A0, ξ) in terms of 〈L〉. The obtained effective potential of order
parameter differs from that derived by this author. It is independent of ξ and has a nontrivial minimum position.
Hence the A0 condensation follows. We show that the equation relating A0 and A
cl
0 coincides with the special
characteristic orbit in the (A0, ξ)-plain along which the W (A0, ξ) is ξ-independent. In this way the link between
these two gauge invariant descriptions is establiahed. The minimum value of the Polyakov loop is calculated.
Comparison with results of other authors is given.
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1 Introduction
Investigations of the deconfinement phase transition (DPT) and) quark-gluon plasma (QGP) are in the center of
modern high energy physics. This matter state creates at high temperature due to asymptotic freedom of strong
interactions. In quantum field theory, the order parameter for the DPT is Polyakov’s loop (PL), which is zero at low
temperature and nonzero at high temperatures T > Td, where Td ∼ 160 − 180 MeV is the DPT temperature (for
critical temperature estimations see, for instance, [1]). Standard information on the DPT is adduced, in particular,
in [2], [3], [4].
In SU(2), the PL is defined as (in general case see [5]):
〈L〉 = 1
2
TrP exp
(
ig
∫ β
0
dx4 A0(x4, ~x)
)
. (1)
Here, g is coupling constant, A0(x4, ~x) = A
a
0(x4, ~x)
τa
2 is the zero component of the gauge field potential, τ
a is Pauli’s
matrix, β is inverse temperature and integration is going along the fourth direction in the Euclidean space-time.
The PL violates the color center group symmetry Z(2) that could result in spontaneous generation of colorstatic
potential A30 = const and non conservation of color chargeQ
3. The A0 condensate is important dynamical parameter
regulating infrared region of momenta of gauge fields at finite temperature. First it has been derived within two-loop
effective potential (EP) W (A0, T ) [6]. Practically simultaneously it was observed that in a relativistic background
Rξ gauge the EP and the value of the condensed field detected as its minimum position (A0)min are gauge-fixing
dependent. That called numerous discussions about gauge invarience of the A0 condensation phenomenon as whole.
In Refs. [7], [8] it was claimed that only zero condensate value is compartible with ξ-independence. The other
conclusion was found by the present author within Nielsen’s ilentity approach [9], [10]. It has been demonstrated
that W (A0, ξ) satisfies Nielsen’s identity [11], [12]. Hence gauge invariance follows. The review paper on these
and related calculations and obtained results is [13]. Recently in Ref. [14] for SU(N) gluodynamics it has been
found a nonperturbative procedure for removing ξ-dependency within a constrained potential method. It includes
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numerous resummations of perturbation series. The obtained effective potential is gauge-fixing independent and
has a nontrivial minimum, that proves gauge invariance of the condensate.
The above results, calculated by different metods, and existing in the literature discrepancies stimulate an
investigation, which explains the latter and relates the former ones. This is the main goal of the present paper. To
realize that we derive a link between Nielsen’s identity for the two-loop EP [9] and Belyaev’s EP of order parameter
[7]. This is key point because, as we show below, a very perspective idea to express the EP W (A0, ξ) in terns of the
observable gauge invariant parameter 〈L〉 was realized with calculation errors. Hence incorrect conclusion about
the absence of the condensation at two-loop order followed.
Since necessary for what follows standard calculations have been reported in numerous pablications, we adduce
them in brief and concentrate on the most important points. In next section, to have consistent presentation, we
give information on the EP and Nielsen’s identity calculations. In sect. 3 we calculate the relation between the A0
and Acl0 - the observable (physical) value of the A0 condensate, which follows from calculation of 〈L〉. In course
of these calculations we correct the results of Ref.[7], and find the WL(A
cl
0 ), its minimum position and the value
of PL in this vacuum. Discussions and concluding remarks are given in the last section. In Appendix we present
information about Bernoulli’s polinomials.
2 Effective potential and Nielsen’s identity
Let us consider SU(2) gluodynamics in the Euclidean space time embeded in the background field A¯aµ = A0δµ0δ
a3 =
const described by the Lagrangian
L =
1
4
(Gaµν)
2 +
1
2ξ
[(D¯µAµ)
a]2 − C¯D¯µDµC. (2)
The gauge field potential Aaµ = Q
a
µ+ A¯
a
µ is decomposed in quantum and classical parts. The covariant derivative in
Eq.(2) is (D¯µAµ)
ab = ∂µδ
ab − gǫabcA¯cµ, Gaµν = (D¯µQν)a − (D¯νQµ)a − gǫabcQbµQcν , g is a coupling constant, internal
index a = 1,2,3. The Lagrangian of ghost fields C¯, C is determined by the background covariant derivative D¯µ(A¯)
and the total one Dµ(A¯+Q). As in Refs. [15], [7] we introduce the charged basis of fields:
A0µ = A
3
µ, A
±
µ =
1√
2
(A1µ ± iA2µ), (3)
C0 = C3, C± =
1√
2
(C1 ± iC2).
In this basis a scalar product is xaya = x+y− + x−y+ + x0y0 , and the structure constants are:ǫabc = 1 for a =
+, b = -, c = 0. Feynman rules are the usual ones for the theory at finite temperature with modification: in the
background field a sum over frequencies should be replaced by
∑
k0
, k0 = (
2pil
β
± gA¯0) in all loops of the fields
Q±µ , C
± . Here, l = 0,±1,±2, ... . This frequency shift must be done not only in propagators but also in three
particle vertexes.
Carring out standard calculations we obtain the two-loop EP
W (x) = W (1)(x) +W (2)(x), (4)
β4W (1)(x) =
2
3
π2[B4(0) + 2B4(
x
2
)],
β4W (2)(x) =
1
2
g2[B22(
x
2
) + 2B2(0))B2(
x
2
)] +
2
3
g2(1− ξ)B3(x
2
)B1(
x
2
),
where Bi(x) are Bernoulli’s polinomials definedmodulo 2 adduced in Appendix, x =
gA0β
pi
. This expression coincides
with calculated already in Refs.[7], [9]. In what follows we consider the interval 0 ≤ x ≤ 2.
Let us investigate the minima of it. We apply an expansion in powers of g and get
β4Wmin = β
4W (0)− 1
192π2
(3− ξ)2g4,
x = g2
(3− ξ)
8π2
. (5)
As we see, both the minimum position and the minimum energy value are gauge-fixing dependent. Hence the gauge
invariance of the A0 condensation phenomenon is questionable.
2
This problem was solved within Nielsen’s identity method in [9], [10] for SU(2) and SU(3) gluodynamics and
in [16], [17] for QCD with quarks. Since this approach is important for what follows, we describe it in short here.
In Ref.[18] Nielsen’s identity for general type EP has been derived:
δ
′
W (φ) = W,jδχ
i(φ¯), (6)
which describes a variation of W (φ) due to variation of the gauge fixing term Fα(φ). In Eq.(6) φi is gauge field, φ¯i
denoted a vacuum value of φi, comma after W means variation derivative with respect to corresponding variable.
Variation δχi describes changing of field (φ¯) due to special gauge transformation which compensates variation of a
classical action appearing after variation of gauge-fixing function Fα(φ)→ Fα(φ) + δFα(φ).
In field theory δχi is caculated from equation [18]:
δχi = −
〈
Diα(φ)∆
α
β (φ)δ
′
F β(φ)
〉
, (7)
where
〈
O(φ)
〉
denotes functional average of O(φ). In this expression Diα(φ) is generator of gauge group, ∆
α
β (φ) is
propagator of ghost fields, δ
′
F β(φ) is variation of gauge fixing term.
In our case according Eq.(2) δ
′
F β(φ) = − 12 (D¯µ(A¯)Qµ)β δξξ , Diα is covariant derivative. In Ref.[9], Eq. (26), the
expression was derived (more details on calculations and discussions for SU(3) case see in Refs.[10], [17]):
δχ0 =
g
4πβ
B1(
x
2
)δξ. (8)
Nielsen’s identity for two-loop EP reads
dW
dξ
=
∂W (2)
∂ξ
+
∂W (1)
∂x
∂x
∂ξ
= 0, (9)
where in the order ∼ g2 the derivanive ∂x
∂ξ
equals to δχ
0
δξ
× ( gβ
pi
) in Eq.(8). The latter factor comes from definition
of x = gA0β
pi
. Since W (2) has the order g2, and W (1)- g0, the Eq.(9) states that W (x, ξ) does not change along the
charscteristic curve
x = x′ +
g2
4π2
B1(
x′
2
)(ξ − ζ) (10)
in the plain of variables (x, ξ), ζ is an arbitrary integration constant. Thus, threre is the set of orbits where W (x′)
is gauge-fixing independent. Along them a variation in ξ is compensated by the special variation of x′.
3 Effective potential of order parameter
In this section we, following Ref.[7], express the EP (4) in terms of 〈L〉. We call it ”effective potential of order
parameter” WL(xcl). In SU(2) group, in tree approximation, the PL is expressed in terms of x as follows: 〈L〉 =
cos(pix2 ). This formula can be used to relate physical value of PL and classical (observable) condensate value with
accounting for radiation corrections: 〈L〉 = cos(pixcl2 ) = cos(pix2 ) + ∆ 〈L〉. The quantum correction was calculated
in one-loop order (Eq. (10) in Ref. [7]),
∆ 〈L〉 = −g
2β sin(pix2 )
4π
∫
dk
k+0
[ 1
(k+0 )
2 + ~k2
+
(ξ − 1)(k+0 )2
((k+0 )
2 + ~k2)2
]
, (11)
where the notations are introduced:
∫
dk =
∫
d3k
(2π)3
( 1
β
∞∑
n=−∞
)
, k+0 = k0 + gA0, k0 =
2πn
β
. (12)
Eq. (11) is crucial for what folllows. Obviously that the first term and the term at ξ are positively defined functions
and must have the same signs after integrations. The second integral is well known, it is expressed in terms of
Bernoulli’s polinomials [15], [17],
I2 = − (ξ − 1)
4πβ
B1(
x
2
). (13)
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Calculation of the first term we reduce to the previous one. Introducing the notation k˜2 = (k+0 )
2 + ~k2 we pesent it
as follows
T1 =
1
k+0
1
(k+0 )
2 + ~k2
=
k+0
[(k+0 )
2 + ~k2]2
1
1− ~k2/k˜2
=
k+0
[(k+0 )
2 + ~k2]2
[1 +
∞∑
l=1
(
~k2
k˜2
)l]. (14)
In the high tenperature limit the estimation holds: ~k2/k˜2 ∼ O(β2). Hence, with high accurace the integral I1 is
reduced to I2. The next-to-leading term is also positive number.
Summing up these expressions we obtain finally
∆ 〈L〉 = g
2 sin(pix2 )
16π2
B1(
x
2
)ξ. (15)
Just this formula has to be used in order to express ”nonphysical field”x in terms of ”classical observable” one xcl.
Note, in Ref. [7] the explicit integration procedure was not presented. But the final EP of order parameter
(Eq.(17)) corresponds to the factor (ξ − 3), which was used in all calculations fulfilled therein. But according to
Eq.(11) the opposite signs of I1 and I2 are impossible.
In fact, to derive the correct resuls in Ref. [7], we have to replace the parameter (ξ−3) by ξ in all the expressions.
In particular, the relation between x and xcl looks as follows (compare with Eq.(13) in Ref. [7]):
x = xcl +
g2
4π2
B1(
xcl
2
)ξ. (16)
Within Nielsen’s identity approach, this formula corresponds to the choice in Eq.(10) x′ = xcl and ζ = 0. Along
this orbit the EP is gauge-fixing independent and expressed in terms of 〈L〉. In this way theese two methods are
linked.
Inserting Eq. (16) in Eq.(4) and expanding B4(
x
2 ) in powers of g
2, we obtain WL(xcl) = W
(1)
L (xcl) +W
(2)
L (xcl),
where the first term is obtained from W (1)(x) by means of substitution x→ xcl and the second is
β4W
(2)
L (xcl) =
g2
2
[
B22(
xcl
2
) + 2B2(0)B2(
xcl
2
) +
4
3
B3(
xcl
2
)B1(
xcl
2
)
]
. (17)
In the WL(xcl) the ξ-dependent terms are mutually cancelled, as it should be and demonstrate gauge-fixing inde-
pendence. We also note that the final expression for WL(xcl) formally can be derived from W (x) Eq.(4) by means
of the substitutions: x→ xcl and ξ → 0.
As s result, according Eq.(5) we get for the minimum values
β4WL(xcl)|min = β4WL(0)− 3
64π2
g4,
xcl|min = g2 3
8π2
. (18)
Thus, the EP WL(xcl) has a nonzero minimum position and independs of ξ. The condensation happens at the
two-loop level. The vacuum value of PL equals to: 〈L〉 = cos( 3g216pi ). In contrast, in Ref.[7] the value 〈L〉 = ±1 was
obtained.
To complete, we note that the A0 condensation is determined within the relation of the one- and two-loop
effective potentials. Whereas asymptotic freedom at high temperature is realized due to the correlation of the
tree-level and one-loop effective potentials. Formally the latter results in the replacement of coupling constant
g2 → g¯2 ∼ g2 log(T/T0), T0 is reference temperature. In both cases, the ratio of the relevant effective potentials is
∼ g2. Hence it follows that at high temperature we can substitute g2 → g¯2 in all above formulas, in particular, in
Eq. (18).
4 Discussion and conclusions
Two main conclusions follow from the above considerations. First, we found a simple link between Nielsen’s identity
method for the effective potential (4) and the EP of order paramenerWL(xcl). To relate them we have to sabstitute
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in Eq.(4) x → xcl, ξ → 0. We see that EP satisfying Nielsen’s identity is ξ-independent on numerous orbits in the
(x, ξ)-plain. The only free parameter is the value ζ in Eq.(10). The found choice, which links these approaches for
describing gauge invariance, is ζ = 0. Second, we calculated the observable ”classical” values of the condensate Eq.
(18). In fact, we just have realized the Belyaev’s idea of expressing the EP in terns of 〈L〉.
It worth to say a few words about the orbit with ζ = 3 in Eq.(10), that corresponds to the case considered in
Ref.[7]. This is a special case where xcl = 0 at two-loop order. Actually, zero value here separately follows either
for the one-loop EP or the two-loop one plus the terms ∼ g2 coming from the expansion of B4(x2 ) in the former
EP. Looking at Eq.(5), in the gauge ξ = 3 we have to expect A0 condensation in three-loop approximation. But
in general basically this is two-loop phenomenon. The standard loop expansion method is well applicable for this
problem.
As we noted in Introduction, in Ref.[14] the ξ-independence of the A0 has been established within the constrained
EP approach. It is close to the EP of order parameter and results in the same conclusion. The main difference
between them consists in the calculation procedures applied. In the former one the PL is considered as dynamical
parameter. In the latter the dynamical parameter is A0 external field which is a solution to local field equations.
This field is expressed though 〈L〉 after actual calculation of the EP W (A0). It is also important that qualitatively
these results are in agreement with the ones derived by means of lattice QCD methods [19], [20]. In these papers
the EP for the PL has been studied in a gauge invariant lattice formulation.
Summarizing all together we note that the A0 condensation at high temperature is gauge independent and
proven. It introduces the dynamical parameter regulating an infrared momenta behavior of gauge fields.
I grateful Michael Bordag and Oleg Borisenko for constructive remarks and suggestions.
Appendix
The Bernoulli’s polinomials defined modulo 2 are
B1(x) = x− x
2|x| , B2(x) = x
2 − |x|+ 1
6
, (19)
B3(x) = x
3 − 3
2
x3
|x| +
1
2
x,
B4(x) = x
4 − 2|x|3 + x2 − 1
30
.
At x = 0 the B1(x) is defined to be 0.
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